Abstract. We consider commuting pairs of holomorphic endomorphisms of P 2 with disjoint sequence of iterates. The remaining case to be studied is when their degrees coincide after some number of iterations. We show in this case that they are either commuting Lattès maps or commuting homogeneous polynomial maps of C 2 inducing a Lattès map on the hyperplane at infinity.
Introduction and main result
The study of functional equations is at the origin of the early developments of the iteration theory of polynomials and rational functions, carried out by Fatou, Julia, Ritt and others. Among these equations, the commutation relation
is one of the simplest and most commonly encountered in mathematics and its applications. It can also be thought as a sort "integrability condition" for the dynamical system defined by f (see [Ves87] ).
The case when f and g are rational functions on the Riemann sphere already appears in the work of the above mentioned authors (see [Fat24] , [Jul22] , [Rit23] ) and it was revisited with the use of a modern language by Eremenko in [Ere89] .
Motivated by a question of S. Smale, asking whether the centralizer of a "typical" diffeomorphism of a compact manifold is trivial, Dinh and Sibony studied in [DS02] pairs of endomorphisms f, g : P k → P k of the complex projective space P k of degree d f , d g ≥ 2 satisfying (1.1) and the supplementary condition Their main result says that these maps come from affine maps of C k after taking its quotient by a discrete group of affine transformations. As a corollary one gets that such endomorphisms are critically finite, that is, their critical set is pre-periodic. This remark allows us to show that condition (1.2) is necessary for their conclusion if the dimension k is 3 or higher, by exhibiting a nontrivial commuting pair of endomorphisms of same degree on P 3 that are not critically finite, see [DS02] .
The aim of this paper is to describe commuting holomorphic endomorphisms of P 2 assuming a weaker condition, namely that they do not share an iterate, that is, (⋆) f n = g m , for all n, m ≥ 1.
We will establish in this setting the following 1 Theorem 1.1. Let f and g be two commuting holomorphic endomorphisms of P 2 of degree d f , d g ≥ 2. Assume that f n = g m for all n, m ≥ 1 and that d k f = d ℓ g for some k, ℓ ≥ 1. Then both f and g are of one of the following types:
(1) Commuting Lattès maps of P 2 . (2) Lifts of commuting Lattès maps of P 1 : f and g are homogeneous polynomial endomorphisms of C 2 that extend holomorphically to P 2 and such that the induced maps on the hyperplane at infinity are Lattès maps of P 1 .
Recall that a holomorphic endomorphism f : P k → P k of degree d is called a Lattès map (cf. [BL01] ) if there is a complex crystallographic group A, an affine map Λ f with linear part √ d U with U unitary and a ramified covering ϕ : C k → P k such that the diagram
commutes and such that A acts transitively on the fibers of ϕ.
Notice that, in particular, we have C k /A ≃ P k . In the two dimensional setting, the groups A such that C 2 /A ≃ P 2 were classified in [TY82] . Using this classification, it is possible to give a precise description of Lattès maps of P 2 (see [Dup03] and [Ron10] ). For a complete study of Lattès maps of P 1 the reader may consult [Mil06] .
The strategy of the proof, which is inspired by the methods in [DS02] and [Ere89] , relies on the study of the lamination of the Julia set J 2 and the Green measure µ of the pair f, g. We may suppose at first that d f = d g . We start by considering the Poincaré map ϕ : C 2 → P 2 of f and g associated with a common repelling periodic point. This map gives a semiconjugation between f , g and triangular automorphisms Λ f , Λ g of C 2 . We consider then the closed abelian Lie group of triangular automorphisms of C 2 generated by Λ f • Λ −1 g , which preserves several dynamical objects. Condition (⋆) insures that this group is positive dimensional whereas the condition that d f = d g implies that it is compact. This procedure can be applied to different periodic points, giving to J 2 and µ a laminar structure induced by the orbits of these groups.
The next step consists of a detailed analysis of the geometry of the lamination defined above. We begin by showing that the dimension of its leaves is m = 3 or 4, see Proposition 5.4. When m = 4 the measure µ is smooth in some open set and we conclude, using a theorem of Berteloot and Dupont, that both f and g are Lattès maps of P 2 . The case m = 3 is more delicate and Section 6 is devoted to it. We prove in this setting that f and g possess a totally invariant line. This is done by analyzing separately the cases when the leaves are strictly pseudoconvex and when they are Leviflat. Once this step is achieved, we reduce the problem to the case where f and g are polynomial maps of C 2 , see Theorem 6.6. We then apply a theorem of Dinh saying that a polynomial map of C k that extends holomorphically to P k and whose maximal order Julia set contains a piece of hypersurface is a lift of a Lattès maps of P k−1 .
Acknowledgements. This work was supported by a grant from RégionÎle-de-France. 2. Holomorphic endomorphisms of P k : general facts
We recall here the basic dynamical objects associated with a holomorphic endomorphism of P k . For further details the reader may consult [Sib99] and [DS10] .
We start by considering a polynomial endomorphism f : C k → C k of algebraic degree d ≥ 2 which can be extended holomorphically to P k . We define its Green function by
It is a Hölder continuous plurisubharmonic function on C k vanishing exactly at the points of bounded orbit. Moreover we can show that K = {G = 0} is a compact subset of C k . The Green current of f is the positive closed (1,1)-current defined by T = dd c G.
For a holomorphic endomorphism f : P k → P k of degree d ≥ 2 its Green current is defined as the limit
where ω is the Fubini-Study form. We get the same limiting current if we replace ω in the above formula by any positive closed (1, 1)-current of mass 1 and of bounded local potential. As in the polynomial case we can show that the local potentials of the Green current are Hölder continuous.
In both polynomial and holomorphic cases we get higher order Green currents by taking wedge products of T with itself:
They are well-defined since T admits continuous local potentials. When ℓ = k we call µ = T k , the Green measure of f . It is the unique invariant probability measure of maximal entropy for the dynamical system defined by f [BD01] .
The Julia set of order s of f , denoted by J s , is by definition the support of the current T s , 1 ≤ ℓ ≤ k. In this work we will focus mainly on the maximal order Julia set J k .
The following result will be useful to us. Its proof is inspired by [DS08] .
Proposition 2.1. Let S be a positive closed (1, 1)-current on P k . Assume that there are n i ր +∞ and positive closed (1, 1)-currents S n i of unit mass supported by
In particular, if S is a positive closed (1, 1)-current of unit mass supported by J k and f
Proof. Recall that a function u : P k → R ∪ {−∞} is called p.s.h. modulo T if u is locally a difference of a p.s.h. function and a potential of T . Such a function is upper semi-continuous, it belongs to L 1 (P k ) and T + dd c u is a positive current. Modulo T p.s.h. functions satisfy the inequalities
where c is a dimensional constant (see [DS08] ) and µ is the Green measure.
By the dd c -Lemma there are functions u i satisfying T = S n i − dd c u i and max
Since u i ≤ 0 we have u ≤ 0. From the second inequality above, the sequence u i is bounded in L 1 (µ). By the invariance of µ by f we get d
Together with the fact that u ≤ 0 we get u dµ = 0 and by upper semicontinuity u = 0 on supp µ = J k . In particular u is finite over J k .
On the other hand, since supp S ⊂ J k we have T | P k \J k = (−dd c u)| P k \J k showing that u is locally bounded outside J k . We conclude that u is finite on P k . In particular the current S has zero Lelong number everywhere on P k .
From the upper semicontinuity of the Lelong number we get
An equidistribuition theorem (see [Gue03] 
Remark 2.2. The existence of a totally invariant (1, 1)-current supported by J k as in the above proposition is quite special. Indeed, in this case we have that J 1 = supp T ⊂ J k , so J k = J 1 and the Julia sets of all orders coincide. Some examples of this phenomenon appear in [FS01] .
The next lemma is well known and it is useful in producing totally invariant currents.
Lemma 2.3. Let R be a positive closed (1, 1)-current of mass one on P k . Consider the sequence of Cesaro sums
is relatively compact and every cluster value S is totally invariant, that is,
Proof. The first statement follows directly from the fact that each S n is of mass one. Let S be a cluster value and take n ℓ ր +∞ such that S n ℓ → S as ℓ → ∞. Notice that
Since the term on the left-hand side converges to d −1 f * S and the last term on the righthand side converges to 0 we need to show that
We have that
* R have all mass one. This concludes the proof.
The following theorem shows that the Green measure describes the distribution of preimages of points outside an exceptional set, giving also a precise description of this set, see [DS10] .
Theorem 2.4 (Equidistribution of pre-images). Let f : P k → P k be a holomorphic endomorphism of degree d ≥ 2 and µ its Green measure. Then there is a proper algebraic subset E of P k such that the measures
converge to µ as n → ∞ if and only if a / ∈ E.
Moreover, the set E is totally invariant f −1 (E) = f (E) = E and is maximal in the sense that if E is a proper algebraic subset of P n such that f −n (E) ⊂ E for some n ≥ 1, then E ⊂ E.
It is known (see [FS94] , [CLN00] ) that the codimension one components of E form a hypersurface of degree at most k + 1 and it is conjectured that they are all linear. In dimension 2 the situation is completely understood.
be a holomorphic endomorphism of degree d ≥ 2 and let E be its exceptional set. Then the one dimensional part of E is a union of at most three lines. In particular, if no iterate of f is conjugated to a polynomial map then E is finite.
We state a last general result for further use.
Proposition 2.6.
[Din01] Let f be a polynomial endomorphism of C k of degree d ≥ 2 that extends to a holomorphic endomorphism of P k . Then there is no complex manifold contained in the maximal order Julia set J k which passes through a repelling periodic point.
Remark 2.7. For non-polynomial endomorphisms, the above proposition is no longer true, as the Lattès maps show. Other non-Lattès examples can be found in [FS01] . Proposition 3.3 gives a related result for holomorphic endomorphisms of P 2 .
Commuting pairs. For a commuting pair of endomorphisms, the several dynamical objects introduced above coincide. This is made precise by the two propositions below.
Given a commuting pair f, g : P k → P k it is easy to see that we can always find commuting polynomial lifts F, G :
Proposition 2.9. Let f, g : P k → P k be a commuting pair of endomorphisms. Denote by E f and E g the corresponding exceptional sets. Then E f = E g .
Proof. We will show that E f ⊂ E g , the other inclusion being analogous. By the maximality of E g it suffices to show that g −1 (E f ) ⊂ E f and by the maximality of E f this will follow if we show that f
Lattès maps. Lattès maps (see the Introduction for the definition) form a special class of holomorphic endomorphisms of P k . They possess a certain rigidity and therefore can be characterized by several extremal properties, see for instance [BL01] and [BD05] . One of these characterizations is in terms of Green currents and measures.
Theorem 2.10 (Berteloot-Loeb, Berteloot-Dupont). Let f : P k → P k be a holomorphic endomorphism of degree d ≥ 2.
(1) If the Green current of f is smooth and strictly positive in some nonempty open subset of P k , then f is a Lattès map. (2) If the Green measure of f is nonzero and absolutely continuous with respect to the Lebesgue measure in some open subset of P k , then f is a Lattès map.
Corollary 2.11. Let f, g : P k → P k be a commuting pair of endomorphisms of degree
If f is a Lattès map then so is g.
Proof.
Since f is a Lattès map its Green current is smooth and strictly positive in some nonempty open subset of P k . From Proposition 2.8 the same holds for the Green current of g. The conclusion follows from Theorem 2.10.
Entire curves and Ahlfors currents
When dealing with non-normal families of meromorphic functions of one variable, a useful tool is the classical Zalcman's renormalization lemma. By applying it to the several variable setting we get the following result.
Lemma 3.1 ("Zalcman's Lemma", [DS02] ). Let {ψ n } be a non-equicontinuous family of germs of holomorphic maps from a neighborhood of the origin in C k taking values in C ℓ . Suppose that the sequence {ψ n (0)} is bounded. Then there is a nonzero vector v ∈ C k , a sequence of complex numbers z i → 0, a sequence of real numbers ρ i → 0 and an increasing sequence of integers n i → ∞ such that the maps ψ n i (z i v + ρ i ξv) converge to a non-constant holomorphic map φ(ξ) from C to C ℓ .
In the same spirit of renormalization there is another useful tool which is the notion of Ahlfors current. It is a positive closed current constructed from the image of an increasing sequence of discs by an entire map.
Theorem 3.2. Let φ : C → X be a non constant holomorphic map onto a complex manifold X. Denote by D r the closed disc of radius r and center 0 in C. Then there is a sequence r n ր ∞ such that the positive currents
converge to a positive closed current R of mass 1 whose support is contained in φ(C).
As an application we have the following.
Proposition 3.3. Let f : P 2 → P 2 be a holomorphic endomorphism of degree d ≥ 2. Suppose that the maximal order Julia set J 2 contains a holomorphic disc passing through a repelling periodic point. Then J 1 = J 2 .
Proof. Let Σ be a holomorphic disc passing through a repelling periodic point a ∈ J 2 . After replacing f by an iterate we may suppose that a is a fixed point. Consider the Poincaré map ϕ : C k → P k associated with a and let Λ be the corresponding triangular lift (see section 4). Set Σ * = ϕ −1 (Σ) and
Since Λ is dilating, the family {Λ n | Σ * : n ≥ 1} is not normal. Using Lemma 3.1 we can produce an entire curve whose image is contained in n≥1 Λ n (Σ * ) ⊂ J * . Composing with ϕ we get an entire curve contained in J 2 . By Theorem 3.2 there is a positive closed (1, 1)-current R supported by J 2 .
The sequence of Cesaro sums
* R admits a subsequence converging to a positive closed (1, 1)-current of unit mass S that is totally invariant f * S = d · S (Lemma 2.3). Since J 2 is closed and totally invariant, the current S is supported by J 2 , so S = T by Proposition 2.1. In particular J 1 = supp S ⊂ J 2 . As J 1 ⊃ J 2 , the result follows.
Repelling periodic points and Poincaré maps
A germ of holomorphic map Λ : (C k , 0) → (C k , 0
) is called triangular if it is invertible and has the form
where the P j are polynomials containing only the monomials z In the case k = 2 the triangular maps take the form Λ(z) = (λ 1 z 1 , λ 2 z 2 + αz ℓ 1 ) if λ 2 = λ ℓ 1 and we call them resonant of index ℓ, or Λ(z) = (λ 1 z 1 , λ 2 z 2 ) if λ 2 = λ ℓ 1 for every ℓ = 1, 2, . . . and we call them non-resonant.
The following statements follow from straightforward computations.
Lemma 4.1. Let Λ and Γ be two triangular maps of C 2 .
(1) Suppose that Λ • Γ = Γ • Λ and that one of Λ or Γ is non-diagonal. Then Λ and Γ have the same resonance index.
we have
. In particular, the group generated by Λ and Γ is contained in the two-dimensional complex Lie group of maps of the form
We recall a classical theorem of Sternberg.
) be a germ of holomorphic map. Suppose that 0 is a repelling fixed point for h. Then there is an invertible holomorphic
Using the dilation nature of the triangular map it is possible to obtain a global version of the above theorem.
Proposition 4.2.
[DS02] Let f be a holomorphic endomorphism of P k of degree d ≥ 2. Let b be a repelling fixed point of f . Then there is a holomorphic map ϕ : The following statement, together with Proposition 2.8 imply that two commuting endomorphisms admit a common Poincaré map.
Let b be a common fixed point for f and g which is repelling for f . Then there exist a holomorphic map ϕ : C k → P k with ϕ(0) = b and Dϕ(0) invertible and commuting triangular maps
In the next sections, we will need to apply the above proposition to different periodic points on J k . For this purpose we will the use next lemma together with the fact that the repelling periodic points belonging to J k are dense in J k [BD99] .
Lemma 4.5.
[DS02] Let f, g : P k → P k be a commuting pair of endomorphisms. Then f and g possess infinitely many common periodic points in J k which are repelling for f . Furthermore, given a repelling periodic point a of f there is an m ≥ 0 such that g m (a) is periodic for f and g and repelling for f .
Laminations of the equilibrium measure
In this section, we follow [DS02] and show that the existence of the maps Λ f and Λ g as in Proposition 4.4 enables us to produce laminations of the Julia set and of the measure µ.
We start by recalling a notion of laminarity that will be useful to us. It is worth mentioning that there are several non-equivalent definitions of this concept.
Definition 5.1. Let X be a real analytic manifold of real dimension n. Let J ⊂ X be a closed subset and b ∈ J. We say that J is m-laminated at b (0 ≤ m ≤ n) if there is a neighborhood of b of the form Ω = U × V with U ⊂ R m and V ⊂ R n−m open subsets and a real analytic coordinate system (x 1 , . . . , x m , x m+1 , . . . , x n ) defined on Ω such that Ω ∩ J = U × K for some closed set K ⊂ V .
Let ν be a measure on X. We say that ν is m-laminated at b if there are Ω and (x 1 , . . . , x m , x m+1 , . . . , x n ) as above such that ν is a product of the Lebesgue measure Leb m on U and a measure ν ′ on V . 
n be a non-vanishing vector field and denote by Γ t its local flow.
The main result of this section is a description of the local structure of the maximal order Julia set and the Green measure of a commuting pair of same degree.
Proposition 5.4. Let f, g : P 2 → P 2 be commuting endomorphisms of degree d such that f n = g n for all n ≥ 1. Then the maximal order Julia set J := J 2 (f ) = J 2 (g) and the equilibrium measure µ = µ f = µ g are laminated outside an analytic subset of P 2 . If m denotes the maximal integer such that J and µ are m-laminated in some open subset of P 2 , then m = 3 or 4.
Before proceeding to the proof let us introduce some notation and state some preliminary results.
Fix a common repelling fixed point a of f and g. Let ϕ : C 2 → P 2 be its associated Poincaré map and Λ f , Λ g the corresponding triangular lifts. Define the current T * = ϕ * T and the measure µ * = ϕ * µ. When f and g are polynomial, set G * = G • ϕ, where G is the common Green function of f and g.
We have the following invariance relations:
and when f and g are polynomial we have also G
Lemma 5.5. The closed group generated by Λ f • Λ g } is not equicontinuous. From Lemma 3.1 we can find a sequence of integers {n i }, sequences {z i } and {ρ i } converging to 0 and a vector v in C 2 such that Λ
We claim that h
loc , as the image of a fixed compact set by the φ i tends to 0. This yields φ * i T * → 0 proving the claim.
Write T = ω + dd c g, where ω is the Fubini-Study form and g is a bounded function.
h is a bounded subharmonic function on C, so it must be constant. We have then that h * ϕ * ω = 0, which is absurd since the (1, 1)-form ω is strictly positive.
The above contradiction shows that the sequence {Λ n f • Λ −n g } is bounded. As it is infinite, it must have an accumulation point. In particular, its closure is a compact, positive dimensional Lie group.
. . are also cluster points and they should be bounded we must have |ξ| = 1. We thus have |λ Proof. Pick a common fixed point a ∈ J 2 which is repelling for f . Consider the associated Poincaré map ϕ and the triangular lifts Λ f , Λ g . By Lemma 5.5 there is a 1-parameter group of automorphisms preserving µ * and J * . This shows that the set J * and the measure µ * are at least 1-laminated. By pushing the lamination forward by ϕ we see that J and µ are at least 1-laminated outside the set of critical values of ϕ.
Let m be as in the statement of the lemma. Notice that each leaf of the m-lamination of J * is invariant by the Lie group G generated by Λ f • Λ −1 g , where Λ f and Λ g are the triangular lifts of f and g at some common repelling periodic point. Indeed, if the orbit under G of some point in J * connects two different leaves, the fact that G is positive dimensional together with Lemma 5.3 would allow us to produce an (m+1)-lamination of µ in some open set, contradicting the maximality of m.
Let us show that m ≥ 2. Suppose that m = 1. Using Lemma 4.5 and the density of repelling periodic points in J 2 we may suppose, after replacing f and g by some iterates, that the leaf of J 2 passing through a is smooth. We claim that Λ f and Λ g are diagonal. If none of them is resonant the result follows from Sternberg's Theorem, so we may suppose that Λ f is resonant.
By assumption, there is a real analytic curve C 0 contained in J * passing through 0. Notice that C 0 is invariant by Λ f and Λ g . Indeed, if this were not the case then the image of C 0 by Λ f would cut the nearby leaves transversally, but then using the invariance of µ * by Λ f we would get a 2-lamination of µ * at the intersection point, contradicting the maximality of m. The same reasoning applies to Λ g .
After a linear change of coordinates that does not change the triangular form of Λ f and Λ g we may assume that L = T 0 C 0 = {z 1 = 0, Im z 2 = 0}. Since C 0 is invariant by Λ f and Λ g we get that L by is invariant by Λ If Λ f and Λ g are both resonant, the relation |λ 1 | = |γ 1 | shows that they have the same resonance index, so λ ℓ 1 = λ 2 = γ 2 = γ ℓ 1 for some ℓ ∈ N. Replacing Λ f and Λ g by their ℓ-th iterate we may assume that λ 1 = γ 1 , so they have the form Λ f (z 1 , z 2 ) = (λz 1
t of the type above, whose orbits will be transversal to the orbits of Λ t . This will produce a 2-lamination of µ * at some point, contradicting the maximality of m.
Lemma 5.8. Let m be the maximal integer such that µ is m-laminated in some open set Ω of P 2 and suppose that m = 2. Then, after reducing Ω if necessary, all the leaves of the lamination are totally real analytic surfaces.
Proof. Pick a common repelling periodic point a ∈ J 2 at which the leaf passing through it is smooth (we can do so using by Lemma 4.5 and the density of repelling periodic points in J 2 ). After replacing f and g by some iterate we may suppose that a is a common fixed point. Let ϕ : C 2 → P 2 be the associated Poincaré map, Λ f and Λ g the corresponding triangular lifts and J * = ϕ −1 (J 2 ). Denote by S c the leaves of the lamination of J * .
If there is one leaf that is totally real then, by continuity, the nearby leaves are also totally real (it may as well happen that there is only one leaf). In this case we can shrink Ω so it contains only totally real leaves.
Suppose by contradiction that all the leaves are complex curves and denote by S 0 the leaf of J * through the origin in C 2 . Notice that there is no open subset U of C 2 containing only one leaf, otherwise J * ∩ U would be pluripolar. Therefore there infinitely many leaves accumulating around S 0 .
If Λ f and Λ g are both resonant, the relations |λ i | = |γ i |, i = 1, 2 imply that they have the same resonance index, say ℓ. Writing Λ 1 (z 1 , z 2 ) = (λ 1 z 1 , λ ℓ 1 z 2 + αz and in this case the Lie group they generate contains a 1-parameter subgroup of the form Λ t (z 1 , z 2 ) = (e it z 1 , e iℓt z 2 ). It is easy to see, by looking at the equation defining them, that the only complex curves invariant by this group are the axes {z 1 = 0}, {z 2 = 0} and z 2 = κz ℓ 1 , κ ∈ C. Since all these curves pass through 0, the leaves S c with c = 0 small must cut them transversally, which is not possible by Lemma 5.3 and the maximality of m.
The above discussion shows that one of Λ f or Λ g is non-resonant. The commutativity of Λ f and Λ g implies that they are both diagonal. The Lie group generated by Λ f • Λ −1 g contains then a 1-parameter subgroup of one of the following types (i) Λ t (z 1 , z 2 ) = (e it z 1 , z 2 ), (ii) Λ t (z 1 , z 2 ) = (z 1 , e it z 2 ) or (iii) Λ t (z 1 , z 2 ) = (e ipt z 1 , e iqt z 2 ) p, q, ∈ N or the 2-dimensional group Λ s,t (z 1 , z 2 ) = (e is z 1 , e it z 2 ).
It is clear that there is no complex curve invariant by Λ s,t , so case (iv) cannot occur. For the group in case (iii) the only invariant complex curves are z p 2 = κz q 1 , κ ∈ C and the coordinate axes. Since they all pass through 0 we argue as above to see that this contradicts the maximality of m, so case (iii) cannot occur either. For the group in case (i) it is easy to see that the only invariant holomorphic curves are of the form {z 2 = c} for some constant c and similarly for the case (ii), replacing z 2 by z 1 . We conclude that, up to permuting z 1 and z 2 we have S c = {z 2 = c}, so
for some closed set of parameters K ⊂ C.
Consider now the groupoid
Notice that the elements τ ∈ A preserve µ * because τ * µ * = τ * ϕ * µ = ϕ * µ = µ * . This implies that they also preserve the leaves of J * . Indeed, suppose that there is a c ∈ K such that τ (S c ) is different from any other S c ′ , c ′ ∈ K. Since there is no isolated leaf we can see that τ (S c ) cuts a generic leaf transversally, but then Lemma 5.3 would allow us to produce a 3-lamination of τ * µ * = µ * on an open set, contradicting the maximality of m.
Denote by F * the foliation {z 2 = constant.}. We claim that an element τ : W → τ (W ) in A takes a leaf of F * intersecting W to another leaf of F * . To see this we write τ (z 1 , z 2 ) = (τ 1 (z 1 , z 2 ), τ 2 (z 1 , z 2 )). From the fact that τ preserves the leaves of J * we get that ∂τ ∂z 1 vanishes over J * ∩ W so it must be identically zero on W by the identity principle (recall that K has no isolated points). This shows that τ 2 is independent of z 1 , proving the claim.
Let A ⊂ P 2 be the complement of the image of the regular values of ϕ. This is a pluripolar set containing E and the above discussion shows that ϕ induces a nonsingular holomorphic foliation F on a neighborhood of J 2 \ A: the leaf of F through b is defined as the image by ϕ of the leaf of F * through w, where w is any regular value in ϕ −1 (b). From (5.1) we have that, outside A, J 2 is locally given by a union of leaves of F and that these leaves are images of C. Lemma 5.10 below gives a contradiction.
Let F be a non-singular foliation by Riemann surfaces on a complex surface X. We say that a (1, 1)-current S on X is directed by F if S ∧ γ = 0, where γ is a local holomorphic (1, 0)-form whose kernel defines F . The following result is well known, see for instance [DG12] .
Lemma 5.9. Let S be a (1, 1)-current with continuous local potentials on a complex surface. If S is directed by a non-singular foliation then S ∧ S = 0.
Lemma 5.10. Let f : P 2 → P 2 be a holomorphic endomorphism of degree d ≥ 2. Suppose that there is a pluripolar set A and a nonsingular f -invariant holomorphic foliation F on an open neighborhood W of J 2 \ A such that, outside A, J 2 is locally a union of leaves of F . Then there is no entire curve φ : C → J 2 whose image is contained in a leaf of F .
Proof. Let L be a leaf of F contained in J 2 and suppose that there is a non-constant holomorphic map φ : C → L. By the Ahlfors construction there is a positive closed (1, 1)-current R supported on φ(C) ⊂ J 2 . Taking a subsequence of the Cesaro sums
* R we get a totally invariant current S supported by J 2 . By Proposition 2.1 we have S = T . In particular S has continuous potentials, S ∧ S is well-defined and does not charge pluripolar sets.
Notice that, by construction, the current R is directed by F on W. From the invariance of F by f , the currents S n are also directed by F on W, and the same holds for the limit value S. In particular S ∧ S = 0 on W, so S ∧ S is supported by A. This gives a contradiction, since A is pluripolar.
Proof of Proposition 5.4. We know from Lemma 5.7 that m ≥ 2. Suppose that m = 2. We keep the notation as in the proof of Lemma 5.8 and denote by S 0 be the leaf through 0. By Lemma 5.8, S 0 is a totally real surface. Using Lemma 5.3, the fact that Λ f and Λ g fix the origin and the maximality of m we see that S 0 is invariant by Λ f and Λ g . After a linear change of coordinates that does not change the triangular form of Λ f and Λ g we may assume that H = T 0 S 0 = {Im z 1 = Im z 2 = 0}. By the invariance of S 0 , H is invariant by Λ 
Laminations by hypersurfaces
In this section we will describe the commuting pairs of endomorphisms of P 2 such that the corresponding Green measure is 3-laminated. We will see later (Theorem 6.6) that the maps in question are both polynomial after some number of iterations. For this reason we begin by analyzing the polynomial case.
6.1. Polynomial case. Let f, g : P 2 → P 2 be a commuting pair of holomorphic endomorphisms of same degree d f = d g = d ≥ 2 satisfying (⋆). As before we denote by ϕ : C 2 → C 2 the Poincaré map associated with a common repelling fixed point a ∈ J 2 and Λ f , Λ g the corresponding triangular lifts.
Lemma 6.1. Let m be the maximal integer such that µ is m-laminated in some open set of P 2 . Suppose that m = 3. Then
(1) The maps Λ f and Λ g are linear and diagonal. In particular, the axes {z 1 = 0} and {z 2 = 0} are invariant.
g is one-dimensional and after a linear change of coordinates of C 2 the connected component of the identity G 0 contains a subgroup of the form Λ t = e it 0 0 1 .
Proof. Let S 0 the leaf through 0 coming from the lamination of µ * . It is a real analytic hypersurface and since Λ f and Λ g preserve µ * up to a constant factor, S 0 is invariant by Λ f and Λ g . Indeed, if S 0 is the only leaf then it coincides with the support of µ * , so it must be preserved by Λ f and Λ g . If there is another leaf different from S 0 , there are infinitely many leaves accumulating around S 0 . In this case, if Λ f (S 0 ) or Λ g (S 0 ) is different from S 0 then they must cut the nearby leaves transversally, which is not possible by Lemma 5.3.
After a linear change of coordinates that does not change the triangular form of Λ f and Λ g we may assume that H = T 0 S 0 = {Im z 2 = 0}. Since Λ f and Λ g fix 0 and leave S 0 invariant, their derivatives preserve H. This implies that λ 2 and γ 2 are real. Since |λ 2 | = |γ 2 | from Corollary 5.6, we have that λ 2 = ±γ 2 . We can now follow the arguments as in the the proof of Lemma 5.7 and conclude.
The following result is implicitly contained in [Din01] .
Theorem 6.2 (Dinh). Let f be a polynomial endomorphism of degree d ≥ 2 of C k that extends to a holomorphic endomorphism of P k . Suppose that there is an open set Ω such that J k ∩ Ω is a real analytic hypersurface of Ω. Then there is a repelling periodic point a ∈ J k ∩ Ω at which J k is strictly pseudoconvex and there is a suitable coordinate system of C k in which the Poincaré map associated with a has the form
Furthermore, the map f is homogeneous and the restriction of f to the hyperplane
The above result shows that, in order to prove Theorem 1.1 in the polynomial case, it suffices to show that in some open set the lamination of J 2 contains only one leaf. This was also done in [Din01] . We give here however an alternative proof in the setting of commuting pairs of C 2 , since some of the arguments involved will be used later.
Proposition 6.3. Let f, g : C 2 → C 2 be commuting polynomial endomorphisms of degree d that extend holomorphically to P 2 . Suppose that the maximal integer m such that J 2 = J 2 (f ) = J 2 (g) is m-laminated in some open set is m = 3. Then there is an open set Ω such that J ∩ Ω is an analytic hypersurface. In other words, there is only one leaf of J 2 intersecting Ω.
Proof. Let Ω be an open set where J 2 is 3-laminated. Notice that, after shrinking Ω if necessary, we may assume that every leaf in Ω is a strictly pseudoconvex hypersurface. Indeed, if there is one leaf in Ω that is stricly pseudoconvex at some point, then the nearby leaves are strictly pseudoconvex by continuity. If this is not the case then all the leaves in Ω are Levi-flat hypersurfaces, which are foliated by complex curves. In particular J 2 would contain a complex curve passing through a repelling periodic point, which is impossible (Proposition 2.6).
Fix a common repelling periodic point a ∈ Ω ∩ J 2 . We may replace f and g by suitable iterates and assume that a is fixed. Let ϕ : C 2 → P 2 be the associated Poincaré map and Λ f and Λ g the corresponding triangular lifts. Similar arguments as in the proof of Lemma 6.1 show that Λ f and Λ g preserve the leaves of J * .
Lemma 6.4. Up to a holomorphic change of coordinates that does not change the diagonal form of Λ f , Λ g , the leaves are given by S c = {Im z 2 = |z 1 | 2 + c}, where c is the leaf passing through (0, ic). Furthermore λ 2 = |λ 1 | 2 and γ 2 = |γ 1 | 2 .
Proof. Keeping the notation of Lemma 6.1 we let S 0 be the leaf through 0, fixing coordinates such that H = T 0 S 0 = {Im z 2 = 0} and such that Λ f and Λ g are diagonal.
Choose t such that Λ := Λ f • Λ t = κ 0 0 λ 2 with κ, λ 2 ∈ R. We will first show that S 0 has the desired form. Locally, we can write S 0 as a graph Im z 2 = h(Re z 1 , Im z 1 , Re z 2 ), where h is a real analytic function vanishing to order two at 0. Since S 0 is strictly pseudoconvex at 0, the Taylor expansion of h contains a nontrivial degree two homogeneous polynomial P 2 (z 1 , z 1 ) as one of its terms. The invariance of S 0 by Λ gives h • Λ = λ 2 Im z 2 = λ 2 h. Comparing each term of the Taylor expansion of h we can see that κ 2 = λ 2 and that P 2 (z 1 , z 1 ) is the only nonzero term. Therefore S 0 is given by Im z 2 = P 2 (z 1 , z 1 ) = αz
. The invariance of S by Λ t implies that α = δ = 0 and the fact that S 0 is strictly pseudoconvex guarantees that β = 0. Therefore, after the change of coordinates z 1 → z 1 / √ β the leaf S 0 is given by Im z 2 = |z 1 | 2 .
In order to clarify the notation let us denote λ := λ 2 . From the above paragraph
Since J * is 3-laminated there exists a neighborhood of 0 such that the S c form a disjoint union of graphs given by equations of the form Im z 2 = h c (Re z 1 , Im z 1 , Re z 2 ), where c varies on some closed subset K ⊂ R. Here, the functions h c are real analytic and depend analytically on c. In particular the coefficients of h c are locally bounded uniformly in c. The value c is determined by the intersection of S c with the real line {z 1 = 0, Re z 2 = 0}, that is, c = h c (0). From the above discussion we know that
Since Λ takes (0, ic) to (0, iλc), it maps S c to S λc . This implies that
Consider the Taylor expansion
where P j,c are homogeneous of degree j. Equation (6.1) implies that P 1,c/λ = √ λP 1,c . Iterating we get P 1,c/λ n = λ n/2 P 1,c for every n ≥ 0. This shows that P 1,c = 0 for every c, otherwise the coefficients of P 1,c would go to infinity when c approaches 0, which is absurd since the h c depend analytically on c. A similar reasoning shows that all other higher order terms must vanish. Therefore, the only term left is P 2,c . Since S c is invariant by Λ t , we have P 2,c (z 1 ) = γ(c)|z 1 | 2 for some continuous function γ. Using equation (6.1) once again we get γ(c) = γ(c/λ n ) for every c. Making n → ∞ we see that γ is constant and equal to γ(0) = 1. This proves that the S c have the desired form.
We are now in position to finish the proof. Observe that J * ∩ {z 2 = 0} = {0}. Indeed, if there exists (ξ, 0) ∈ J * ∩ {z 2 = 0} with ξ = 0, the invariance of J * by Λ t implies that J * ∩ {z 2 = 0} contains the circle {|z 1 | = |ξ|} × {0}. In particular the non-negative subharmonic function G * (z 1 , 0) vanishes for |z 1 | = |ξ| and by the maximum principle it vanishes for |z 1 | ≤ |ξ|. The invariance of G * by Λ f implies that G * (z 1 , 0) ≡ 0 and hence G vanishes over the entire curve ϕ({z 2 = 0}), yielding a contradiction, since the set {G = 0} is compact.
We now claim that S = S 0 is the only leaf of J * . Suppose that J * contains a leaf S c with c > 0 and let w = (0, ic) ∈ S c . Consider the cylinders C t = {Im z 2 = t} ∩ S 0 = {(ξ, x + it) : |ξ| 2 = t, x ∈ R} and their inner sides D t = {(ξ, x + it) : |ξ| 2 < t, x ∈ R}. The C t are non-empty for t ∈ (c−ε, c+ε) if ε > 0 is small. In particular G * vanishes over C t and by the maximum principle it must vanish on D t . We conclude that G * vanishes over W := t∈(c−ε,c+ε) D t , which is an open neighborhood of w. This contradicts the fact that J * ⊂ ∂{G * = 0}.
Suppose now that J * contains a leaf S c with c < 0. Consider
: |ξ| 2 + c < t, x ∈ R} for t ∈ (−ε, ε). Using the fact that G * = 0 on S c and the maximum principle we see that G * vanishes on the neighborhood of the origin
. This is impossible since 0 ∈ J * ⊂ ∂{G * = 0}.
Theorem 6.5. Let f and g be two commuting polynomial endomorphisms of C 2 of degree d f , d g ≥ 2 that extend holomorphically to P 2 . Assume that f n = g m for all n, m ≥ 1 and that d Proof. Notice that f k and g ℓ are commuting endomorphisms of the same degree. By Proposition 6.3 and from the fact that the Julia set of f and g are the same as those of f k and g ℓ we see that there is a nonempty subset Ω of P 2 such that J 2 ∩ Ω is a real analytic hypersurface. From Theorem 6.2 there is a coordinate system on C 2 such that f is homogeneous and the restriction of f to the line at infinty L ∞ is a Lattès map.
From the form of the Poincaré map given by Theorem 6.2 we see that the lines through the origin are given by the images of the parallel lines {z 1 = constant} by ϕ. Since Λ g preserves this family we see that g preserves the family of lines through the origin, so g is also homogenous in these coordinates. As g| L∞ commutes with f | L∞ we get from Corollary 2.11 that g| L∞ is a Lattès map.
6.2. Ruling out the non-polynomial case. We consider now a commuting pair of holomorphic endomorphisms f, g : P 2 → P 2 having same degree d f = d g = d ≥ 2 and satisfying (⋆).
As above, let m be the maximal integer such that µ is laminated in some open subset of P 2 . We will prove that if m = 3 then both f and g are polynomial maps after some number of iterations. We thus fall into the case treated in the last section.
Theorem 6.6. Let f, g : P 2 → P 2 be commuting endomorphisms of degree d such that f n = g n for all n ≥ 1 and let µ be their common Green measure. Suppose that there is an open set Ω of P 2 such that µ is 3-laminated in Ω and that µ is nowhere 4-laminated (i.e. smooth). Then f and g are polynomial after some number of iterations.
Recall from Theorem 2.5 that if the exceptional set E of a holomorphic endomorphism f of P 2 is positive-dimensional then the one-dimensional part of E is a union of 1, 2 or 3 lines. In this case f 3 possess a totally invariant line, so it must be a polynomial endomorphism. Therefore, in order to prove Theorem 6.6, we need to show that under the above hypothesis, the common exceptional set E of f and g is positive-dimensional.
The proof will be divided in two parts. In the first part we will show that the leaves coming from the lamination of µ * cannot be Levi-flat. This leaves us to the case where the leaves are strictly pseudoconvex at a generic point, which will be considered in section 6.2.2.
Remark 6.7. The leaves of the lamination of µ and J are either all Levi-flat or all strictly pseudoconvex at a generic point. Indeed, suppose that there is one Levi-flat leaf L in Ω and take a point a ∈ L \ E. If b any point in J, the equidistribution of pre-images (Theorem 2.4) says that there is a point b ′ in a small neighborhood of b that is mapped to a by some iterate f n 0 . Since (f n 0 ) * µ = d 2n 0 µ, the map f n 0 must preserve the leaves, so it maps a piece of the leaf
Recall that L ′ is real analytic. Since b ′ can be taken arbitrarily close to b we have, by continuity, that the leaf through b is Levi-flat.
6.2.1. Lamination by Levi-flat hypersurfaces. The aim of this section is to show that the Green measure cannot be laminated by Levi-flat hypersurfaces.
Let f, g, µ and Ω be as in Theorem 6.6. Pick a common repelling periodic point a ∈ Ω∩J and consider the corresponding Poincaré map ϕ : C 2 → P 2 .
Lemma 6.8. Suppose that µ is laminated by Levi-flat hypersurfaces. Then the leaves of the lamination of µ * = ϕ * µ are given by S c = {Im z 2 = c} where c varies on a closed set K ⊂ R.
Proof. Let us first show that the central leaf is S 0 = {Im z 2 = 0}. We can choose coordinates as in Lemma 6.1 such that H = T 0 S 0 = {Im z 2 = 0}, Λ f (z 1 , z 2 ) = (λ 1 z 1 , λ 2 z 2 ) with λ 2 ∈ R and Λ t = (e it z 1 , z 2 ). We can show as in the proof of Lemma 6.1 that S 0 is invariant by Λ f and Λ g . In particular, S 0 is invariant by Λ = λ 0 0 λ 2 for some λ ∈ R. We can write S 0 as a graph of the form Im z 2 = h(Re z 1 , Im z 1 , Re z 2 ) for some real analytic function h vanishing to order 2 at 0. The invariance of S 0 by Λ t implies that h • Λ t = h. Comparing the terms of the Taylor expansion of both sides we see that h cannot contain any monomial of the form z n 1z m 1 (Re z 2 ) k with n = m. We can write then h(Re z 1 , Im z 1 , Re z 2 ) = ψ(|z 1 | 2 , Re z 2 ) for some real analytic function ψ that vanishes at the origin. The invariance of S 0 by Λ implies that ψ • Λ = λ 2 ψ. Using this relation and comparing each term of the Taylor expansion of ψ it is possible to show that ψ has the form ψ = α|z 1 | 2ℓ for some α ∈ R, if there is an integer ℓ satisfying λ 2ℓ = λ 2 or ψ ≡ 0 if no such ℓ exists. Since S 0 is Levi-flat the first case is only possible if α = 0, so ψ ≡ 0 also in this case. This shows that S 0 has de desired form.
We can follow similar arguments as in the end of the proof of Lemma 6.4. In the present case we get that S c = {Im z 2 = c}.
Proposition 6.9. Let f, g, µ and Ω as in Theorem 6.6. Then the leaves of the lamination of µ in Ω are strictly pseudoconvex at a generic point.
Proof. Suppose by contradiction that there is a Levi flat leaf L ⊂ J ∩ Ω and take a repelling periodic point a ∈ L. Consider the associated Poincaré map ϕ : C 2 → P 2 . From Remark 6.7 all the leaves are Levi-flat, so from Lemma 6.8 we have
Since L is foliated by complex curves, Proposition 3.3 implies that J 1 = J 2 . If there is a c 0 ∈ R \ K then ϕ({z 2 = ic 0 }) is an entire curve contained in P 2 \ (E ∪ J 1 ), which is in turn contained in the Fatou set of f . This is absurd because the Fatou set is hyperbolic [DS10] . We must have then K = R and J * = C 2 . Since J 2 is closed we have
Considering the groupoid A of local biholomorphic maps acting on the fibers of ϕ (as in the proof of Lemma 5.8) we see that its elements preserve the real foliation {Im z 2 = cst.}, so they must also preserve the holomorphic foliation {z 2 = cst.}. If we let A be complement of the image the of regular values of ϕ we get then an f -invariant non-singular foliation F on P 2 \ A. This is impossible by Lemma 5.10 (since J 2 = P 2 in our case). This gives the contradiction we were looking for.
6.2.2. Lamination by strictly pseudoconvex hypersurfaces. In this section we suppose that the Green measure is 3-laminated by leaves that are strictly pseudoconvex at a generic point.
Observe that on the proof Lemma 6.4 have not used the fact that the maps are polynomial. We only needed the strict pseudoconvexity of the central leaf at 0. By assumption we can choose a repelling periodic point a ∈ Ω∩J at which the leaf that passes through it is strictly pseudoconvex. From this fact and Lemmas 6.1 and 6.4 we can assume, after a holomorphic change of coordinates and taking iterates, that:
• The closed Lie group generated by Λ f • Λ as a 1-parameter subgroup.
• The maps Λ f and Λ g are linear and diagonal.
• The eigenvalues of Λ f and Λ g satisfy |λ 1 | 2 = |γ 1 | 2 = λ 2 = γ 2 .
• The leaves of the lamination of µ * are given by S c = {Im z 2 = |z 1 | 2 + c}, where the parameter c varies on a closed set K ⊂ R.
As in the previous section, we set λ = |λ 1 | 2 and Λ =
The following result is classical. It follows for instance from [Ale74] and the classification of automorphisms of the unit ball of C 2 , which can be found in [Rud08] .
Proposition 6.10. Let W be an open subset of C 2 intersecting J * and τ : W → τ (W ) a holomorphic map preserving the family S c = {Im z 2 = |z 1 | 2 + c}, c ∈ K.
(1) If 0 ∈ W and τ (0) = 0 then τ is linear of the form τ = √ δe iρ 0 0 δ for some δ > 0 and some ρ ∈ R.
(2) If 0 ∈ W and τ (0) = (0, ic) then τ is affine of the form τ = t ic • A where A = √ δe iρ 0 0 δ for some δ > 0 and some ρ ∈ R and t a : (z 1 , z 2 ) → (z 1 , z 2 + a). (3) If 0 ∈ W then τ = τ u • t ic • A, where A and t ic are as above and τ u is the Heisenberg map:
u , where A, t ic t ic ′ , τ u , τ u ′ are as above with u, u ′ ∈ S 0 .
In particular the map τ : W → τ (W ) extends to a globally defined affine map of C 2 .
Consider now the groupoid of local biholomorphisms acting on the fibers of ϕ. More precisely, set A = {τ : τ is a local biholomorphism of C 2 such that ϕ • τ = ϕ}.
Proposition 6.11. The set A is a discrete subgroup of the group Aff(C 2 ) of affine transformations of C 2 . Furthermore A is contained in the group generated by the following types of maps: i) purely imaginary translations along the z 2 -axis: t ic (z 1 , z 2 ) = (z 1 , z 2 + ic), ii) rotations around the z 2 -axis: r ρ (z 1 , z 2 ) = (e iρ z 1 , z 2 ) and iii) Heisenberg maps:
Proof. Let τ ∈ A. Notice that τ must preserve µ * so, by similar arguments as in the proof of Lemma 6.1, it must preserve the leaf structure of µ * , i.e. , the family S c = {Im z 2 = |z 1 | 2 + c}, c ∈ K. From Proposition 6.10, τ is a globally defined invertible affine map. This shows that A is subgroup of Aff(C 2 ). The discreteness of A follows from the fact that ϕ has discrete fibers.
Set S c = τ (S 0 ). Then Proposition 6.10 says that τ = τ u • t ic • A with A = √ δe iρ 0 0 δ . To conclude the proof we must show that δ = 1.
Suppose that δ = 1. Replacing τ by τ −1 if necessary we may assume that δ < 1. In this case the map τ has a fixed point z ∈ C 2 which is attracting. In particular, there is an orbit τ n (w) converging to z. This is absurd because the fibers of ϕ are discrete.
We are now in position to give the proof of Theorem 6.6.
Proof of Theorem 6.6. From the remarks made after the statement of Theorem 6.6 the conclusion will follow if we show that dim E = 1.
By Proposition 6.9, we can pick a repelling periodic point at which the leaf passing through it is strictly pseudoconvex. From the considerations made at the beginning of this section we have that the leaves of the lamination of µ * are given by S c = {Im z 2 = |z 1 | 2 + c}, where the parameter c varies on a closed set K ⊂ R. There are two cases to consider.
Case I: The lifted Julia set J * consists of only one leaf, that is, K = {0}.
In this case the group A from Proposition 6.11 is generated only by rotations r ρ and Heisenberg maps τ u . Therefore the p.s.h. function v(z 1 , z 2 ) = |z 1 | 2 − Im z 2 on C 2 is invariant by A, so it descends to a p.s.h. function u on P 2 \ E. If dim E = 0 then u extends to a p.s.h. function on P 2 , which is absurd because P 2 is compact. This contradiction shows that dim E = 1.
Case II: The lifted Julia set J * contains more than one leaf, that is, K contains at least 2 points.
Consider the p.s.h. function v(z 1 , z 2 ) = |z 1 | 2 − Im z 2 on C 2 . It satisfies t * ic v = v + c, τ * u v = v and r * ρ v = v. These relations show that the positive closed (1, 1)-current S * = dd c v is invariant under t ic , r ρ and τ u . Proposition 6.11 implies then that S * is invariant by the whole group A, so it descends to a current S in P 2 \ E. More precisely, there is a positive closed (1, 1)-current S on P 2 \ E such that ϕ * S = S * .
Suppose that dim E = 0. Then S extends to a positive closed (1, 1)-current on P 2 , which we still denote by S.
Claim. The eigenvalues of Λ f and Λ g satisfy |λ 1 | 2 = |γ 1 | 2 = λ 2 = γ 2 = d. The current S satisfies f * S = d · S.
Firstly we observe that f * S = λ·S on P 2 \E. Indeed, we have the relation Λ * f S * = λ·S * , which gives
so f * S = λS on P 2 \ E. Now, the (1, 1)-current f * S − λS is supported by E, so it must be identically zero. Therefore f * S = λS on P 2 . On one hand we have f * S = λS = λ S . On the other hand, since f * acts by multiplication by d on H 1,1 (P 2 ) we have f * S = d S . Hence λ = d, proving the claim (recall that λ = |λ 1 | 2 ).
After multiplying S by a constant we may assume that S is of mass 1. Write T = S − dd c u, where T is the Green current of f and u is a p.s.h. function modulo T defined up to an additive constant. We may normalize it so that u dµ = 0. Since T is of bounded local potential, the function u is locally bounded from above. The invariance of S and T implies that u • f n = d n · u, so we must have u ≤ 0. The chosen normalization implies that u = 0 on J 2 .
Consider the function u * = u • ϕ. It vanishes on J * and satisfies T * = S * − dd c u * . Notice that S * = dd c (|z 1 | 2 − Im z 2 ) = dd c |z 1 | 2 = i π dz 1 ∧ dz 1 up to a constant multiple. In particular S * restricts to zero on L 0 = {z 1 = 0}. We have then that T * | L 0 = −dd c u * 0 , where u * 0 (z 2 ) = u * (0, z 2 ). The function u 0 is then a continuous negative superharmonic function on L 0 satisfying u * 0 (dz 2 ) = d · u * 0 (z 2 ) and vanishing on the lines {Im z 2 = c}, c ∈ K. Lemma 6.12 below and the fact that K contains more then one point imply that u * 0 ≡ 0. Therefore u * vanishes over L 0 and u vanishes over ϕ(L 0 ). Since u ≤ 0 and is upper semi-continuous it vanishes on ϕ(L 0 ).
The restriction of the Poincaré map to L 0 gives an entire curve ϕ| L 0 : L 0 ≃ C → P 2 . The Ahlfors construction (Theorem 3.2) produces a positive closed (1, 1)-current R on P 2 that is supported in ϕ(L 0 ). Consider the current R * = ϕ * R. It is a limit of currents R n supported in ϕ −1 (ϕ(∆ n )) = ∪ τ ∈A τ (∆ n ), where ∆ n is an increasing sequence of discs contained in L 0 . By Proposition 6.11 this set is a discrete union of discs contained in vertical lines {z 1 = c τ }, τ ∈ A. In particular idz 1 ∧ dz 1 ∧ R n = 0 for every n, so idz 1 ∧ dz 1 ∧ R = 0. Therefore
so the measure S ∧ R is supported by E.
On the other hand we have seen that u vanishes on ϕ(L 0 ). In particular, u vanishes on the support of R. This implies that T ∧ R = S ∧ R. The above discussion shows that T ∧ R is supported by E. This gives a contradiction, because, since T has Hölder continuous local potentials, the measure T ∧ R cannot charge points (see [Sib99] ).
The following result can be found in [DS02] , Lemme 5.3.
